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Measurements of cosmic neutrinos have a reach potential for providing an insight into fundamental neutrino
properties. For this a precise knowledge about an astrophysical environment of cosmic neutrinos propagation
is needed. However this is not always possible, and the lack of information can bring about theoretical uncer-
tainties in our physical interpretation of the results of experiments on cosmic neutrino fluxes. We formulate an
approach that allows one to quantify the uncertainties using the apparatus of quantum measurement theory. We
consider high-energy Dirac neutrinos emitted by some distant source and propagating towards the earth in the
interstellar space. We take into account the neutrino magnetic moment interaction with stochastic interstellar
magnetic fields and describe the neutrino evolution in the formalism of the Lindblad master equation for the
neutrino density matrix. It is supposed that neutrinos can meet on their way to the detector at the earth a dense
cosmic object serving as a filter that “stops” active, left-handed neutrinos and letting only sterile, right-handed
neutrinos to propagate further. Such a filter mimics the strongest effect on the neutrino flux that can be induced
by the cosmic object and that can be missed in the theoretical interpretation of the lab measurements due to the
insufficient information about the astrophysical environment of the neutrino propagation. Treating the neutrino
interaction with the cosmic object as the first, neutrino-spin measurement, whose result is not recorded, we
study its invasive effect on the second, neutrino-flavor measurement in the lab. We quantify the invasiveness of
the first, blind measurement by means of quantum witness that in the discussed case has an advantage over the
well-known Leggett–Garg inequality, since the latter explores two-time correlation functions of the same oper-
ator. We solve analytically the Lindblad master equation for time evolution of the neutrino density matrix and
on this basis we calculate the quantum witness for measuring cosmic electron neutrinos in the lab. We present
numerical illustrations of the invasive effect showing that the quantum witness as a function of the distance be-
tween the earth and cosmic object can be asymptotically nonvanishing despite the neutrino spin thermalization
induced by stochastic interstellar magnetic fields.
I. COSMIC NEUTRINOS AND THE CONCEPT OF
QUANTUMMEASUREMENT
Many objects in the Universe produce vast amount of
cosmic neutrinos with different energies. These include
highly relativistic particles from high energy (>100 MeV)
to extremely high energy (>1PeV) or even ultra high energy
(>1 EeV) range. Neutrinos carry unique information about the
internal environment of high energy astrophysical objects that
are not normally directly observable.
It is known that 99% of the energy of a core collapse super-
nova explosion is carried away by a neutrino flux. All these
particles contribute to the diffuse supernova neutrino back-
ground observed on the earth [1]. Still the first albeit only
detection of neutrino burst from a single supernova explosion
was detected for the 1987 event that occurred 51 kpc away [2].
The neutrino (antineutrino) flux from this extragalactic ex-
plosion has arrived before the visible light of the explosion
has reached the earth. Neutrinos from the core of the proto-
neutron star have travelled away from strongly magnetized in-
terior and were emitted towards the earth.
Magnetic moments of the neutrinos emitted from the core-
collapse supernova should be aligned towards the magnetic
field axis of the developing neutron star. Strongest polar-
ization should occur for neutrinos emitted from magnetars,
where a magnetic field can reach up to 1014-1015 G. These
objects are developed from at least 10% of the core collapse
supernova and are known for strongest magnetic fields in the
Universe [3].
Even stronger flux of magnetically polarized neutrinos
should originate from the neutron star mergers. Two cases
of this phenomenon, long thought to be an exotic event, is
already detected using the gravitational wave signal [4]. Si-
multaneous detection of the gravitational wave and neutrino
flux will allow us to employ these particles in multi-messenger
astronomy. The list of exotic events producing high-energy
neutrino fluxes in strong magnetic fields may include hypoth-
esized quark-nova and collapsars.
At the extra high-energy scales neutrinos are born during
Gamma Ray Bursts from hypernova [5]. Similar energies are
expected to be emitted by quasars in the active galactic nu-
clei, where supermassive black holes create relativistic out-
flows [6, 7]. With much higher uncertainties of local prop-
erties of these objects it is clear that a strong magnetic field
should be present near the active area [8]. Thus, these lu-
minous sources of neutrinos can be detected for extragalactic
distances exceeding 1 Gpc.
Neutrino fluxes reaching us from such distant sources
are influenced by galactic and extragalactic magnetic fields.
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2These weak fields can exert a dissipative effect on the neu-
trino spin polarization by their stochastic components. Al-
though microscopic in amplitudes these fields affect particles
at cosmic distances and can have a significant cumulative ef-
fect. Magnetic fields in our Galaxy do not exceed 4 µG on
average [9], though are stronger at the galactic center.
Magnetic fields are detected at extragalactic scales as well.
These fields can reach 10−9 G amplitudes at 1 Mpc scale [10].
Assuming a turbulent spectrum of extragalactic magnetic
fields we may estimate small scale stochastic component to
reach up to 0.3 µG amplitudes [11]. These weak fields can
affect ultra high-energy neutrinos that travel up to Gpc dis-
tances.
From the plethora of cosmic neutrino emitting objects we
focus on such sources that can be found in the high-energy
as well as in extra high-energy intervals. Below, we consider
evolution of neutrinos that are emitted from a distant source
and traverse the cosmic space diluted with the stochastic mag-
netic fields until they reach the detector in the lab. While
propagating in a magnetic field, neutrinos experience spin and
spin-flavor oscillations due to a nonzero neutrino magnetic
moment [12, 13]. For simplicity we limit ourselves with the
case of two neutrino flavors (νe and νµ).
In this paper we propose a new tool for the theoretical anal-
ysis of cosmic neutrino measurements, which is based on the
theoretical framework for quantum witness experiments. For
this we define two consequent quantum measurements of a
neutrino. Suppose that neutrinos meet a high-density cosmic
object on their way from the source to the detector. Then,
only part of neutrinos in the flux crosses the cosmic object
without loss: mainly right-handed neutrinos would pass the
object, while left-handed neutrinos would be deflected or ab-
sorbed. Setting this effect as the quantum spin measurement,
then we can use the neutrino flavor detection at the lab as the
second measurement.
We describe the measurements by the positive-operator val-
ued measure projectors. The first projector measurement is the
essence of the quantum Maxwell Demon [14], which holds the
information, whether neutrinos of particular types get in and
out of the cosmic filter. The second projector measurement is
a typical neutrino experiment in the lab that defines the neu-
trino flavor. However, the result of the second measurement
incisively depends on the outcome of the first measurement:
our interpretation of the result (for example, such as the ori-
gin of neutrinos, the initial neutrino flux, its flavor and spec-
tral composition, etc.) can be critically affected by whether
Demon shares his results with us or not. In the latter case,
the first measurement appears to be a blind measurement, i.e.,
its results are not recorded. Clearly, this mimics the situation
when we do not have enough information about the conditions
of cosmic neutrino propagation, in particular, about the pres-
ence of the cosmic object. Since the lack of information can
lead to an incorrect physical interpretation of cosmic neutrino
measurements in the lab, the approach developed in this work
allows us to quantify the credibility of our interpretation.
In what follows, we analyze cosmic neutrinos in the inter-
stellar space filled with a magnetic field and explore the inva-
sive effect of the cosmic object on the neutrino measurement
in the lab. The standard tool for analyzing the invasiveness
of quantum measurements is the Leggett–Garg method. For
neutrino physics, Leggett–Garg inequality was studied only
recently in the case of unitary evolution [15]. However, in the
case of open quantum systems, exploring the two-time corre-
lation functions is a formidable problem [16], analytically not
accessible for the neutrino problem. Therefore, as an alter-
native to the Legget-Garg method, we exploit the concept of
quantum witness and the Novikov’s dissipative channel [17].
It should be noted that the phenomenon of neutrino oscilla-
tions is closely related to the concept of quantum coherence.
This concept touches upon the macroscopic coherence, i.e.,
superposition of a macroscopic large number of states and
involves two core principles: (i) macroscopic realism per se
argues that the pre-existing value of the quantity in question
can be inferred through the measurements done on the macro-
scopic system, (ii) noninvasive measurability means that one
can perform measurement without distorting the state of the
system [18–27]. In reality the situation is more complex. Ex-
cept for specific initial states, the measurement has a back-
action and induces noncommuting dynamical changes in an
observable [28]. When the system initially is prepared in the
superposition of two (or more) states |φ〉 = a|ψn〉 + b|ψm〉,
using measurement operator
∏ˆ
n = |ψn〉〈ψn|, n ∈ N , one
cannot determine the state of the system without a destructive
effect on the state (the invasive measurement). The quantum
witness quantifies the invasiveness of the measurement. Up
to date in quantum metrology mainly nonrelativistic quantum
systems have been discussed. Nevertheless, the interest to
studies of such relativistic systems as neutrinos has recently
emerged [15, 21].
Below we elaborate on the general formalism for describ-
ing the quantum witness of the cosmic neutrino measurement
and discuss its application in feasible neutrino experiments.
We treat the neutrino evolution using the method based on
the Lindblad master equation [29]. This approach is presently
widely used in studies of neutrino quantum decoherence in
different environments and under various experimental condi-
tions (see, for instance, Refs. [30–42].
The work is organized as follows. In Sec. II, the general
formulation is presented. In Sec. III we define the quantum
witness for the neutrino flavor measurement in the lab. Sec-
tion IV is devoted to the analytical derivation of the quantum
witness from the neutrino density matrix. In Sec. V, we give
illustrations of the invasive effect of the cosmic object on the
neutrino flavor measurement in the lab. Section VI summa-
rizes this work. In Appendix, we deliver details of solving the
Lindblad master equation for neutrino evolution.
II. NEUTRINO EVOLUTION IN AN INTERSTELLAR
MAGNETIC FIELD
In the scope of our interest are two Dirac neutrino helic-
ity basis states |ν±1 〉, |ν±2 〉 with masses m1 and m2. For
the sake of convenience we switch from the mass basis
3(ν+1 , ν
−
1 , ν
+
2 , ν
−
2 )
T to the flavor basis (νRe , ν
L
e , ν
R
µ , ν
L
µ )
T :
|νR,Le 〉 = cos θ|ν±1 〉+ sin θ|ν±2 〉,
|νR,Lµ 〉 = − sin θ|ν±1 〉+ cos θ|ν±2 〉. (1)
The Hamiltonian of the problem is given by (see Ref. [43])
Hˆeff = Hˆvac + HˆB , (2)
where Hˆvac is the vacuum part
Hˆvac = ων
− cos 2θ 0 sin 2θ 00 − cos 2θ 0 sin 2θsin 2θ 0 cos 2θ 0
0 sin 2θ 0 cos 2θ
 , (3)
with
ων =
∆m2
4Eν
, ∆m2 = m22 −m21, (4)
and Eν being the neutrino energy. The Hamiltonian of
the neutrino interaction with a magnetic field in the flavor
representation can be presented as [44]
HB =

−
(
µ
γ
)
ee
B‖ µeeB⊥ −
(
µ
γ
)
eµ
B‖ µeµB⊥
µeeB⊥ −
(
µ
γ
)
ee
B‖ µeµB⊥ −
(
µ
γ
)
eµ
B‖
−
(
µ
γ
)
eµ
B‖ µeµB⊥ −
(
µ
γ
)
µµ
B‖ µµµB⊥
µeµB⊥ −
(
µ
γ
)
eµ
B‖ µµµB⊥ −
(
µ
γ
)
µµ
B‖

, (5)
where B‖ and B⊥ are the parallel and transverse magnetic-
field components with respect to the neutrino velocity, and the
magnetic moments µ˜``′ and µ``′ (`, `′ = e, µ) are related to
those in the mass representation µjk (j, k = 1, 2) as follows:
µee = µ11 cos
2 θ + µ22 sin
2 θ + µ12 sin 2θ,
µeµ = µ12 cos 2θ +
1
2
(µ22 − µ11) sin 2θ, (6)
µµµ = µ11 sin
2 θ + µ22 cos
2 θ − µ12 sin 2θ,
and (
µ
γ
)
ee
=
µ11
γ1
cos2 θ +
µ22
γ2
sin2 θ +
µ12
γ12
sin 2θ,(
µ
γ
)
eµ
=
µ12
γ12
cos 2θ +
1
2
(
µ22
γ2
− µ11
γ1
)
sin 2θ, (7)(
µ
γ
)
µµ
=
µ11
γ1
sin2 θ +
µ22
γ2
cos2 θ − µ12
γ12
sin 2θ.
Here γ1 and γ2 are the Lorenz factors of the massive neutri-
nos, and
1
γ12
=
1
2
(
1
γ1
+
1
γ2
)
. (8)
We consider the case when the galactic and extragalactic mag-
netic fields are composed of the large-scale regular component
~B that enters Eq. (5) and a small-scale stochastic component
~h.
The stochastic magnetic field ~h is a result of interstellar
fluctuations, galactic winds, cosmic turbulence and primordial
magnetic field fluctuations. It is characterized by the correla-
tion function [45] 〈hα(t)hβ(0)〉 = w22µ2ν δ(t), where µν is a
putative neutrino magnetic moment and w2 = kBT , with T
being the effective temperature.
The density matrix of the system obeys the Lindblad master
equation [29] in the form:
d%ˆ
dt
= −i
[
Hˆ, %ˆ
]
− w
2
2
(
%ˆVˆ 2 + Vˆ 2%ˆ− 2Vˆ %ˆVˆ
)
. (9)
In the most general case the Vˆ matrix in Eq.(9) is given by
Vik = 〈i| Iˆ(νe) ⊗ vˆ(νµ) + Iˆ(νµ) ⊗ vˆ(νe) |k〉 , (10)
where |i〉 and |k〉 (i, k = 1, 2, 3, 4) are the eigenstates of the
Hamiltonian Hˆeff (see Ref. [43] for details). Iˆ(ν`) is the
2×2 unit matrix acting in the Hilbert space of the ν` neutrino.
The 2× 2 matrix vˆ(ν`) also acts in the Hilbert space of the ν`
neutrino. It can be presented as
vˆ(ν`) = v0Iˆ + ~v · ~ˆσ, (11)
where ~ˆσ is the Pauli vector. Below we utilize the following
parametrization:
~v = (v sinβ cosα, v sinβ sinα, v cosβ). (12)
In its general form the dissipator (10) describes relaxation of
both transverse and longitudinal neutrino spin components.
4However, in the particular case β = pi/2 the cosmic magnetic
field does not thermalize the σz component of the neutrino
spin.
We analytically solve Eq. (9) in the eigenbasis of the Hamil-
tonian (2). The solution %ˆ(t) is cumbersome and is presented
in Appendix A.
III. QUANTUMWITNESS OF COSMIC NEUTRINO
MEASUREMENTS
As was already mentioned, if neutrinos pass through the
cosmic object they acquire a preferential helicity polarization,
since the high-density matter filters out the left-handed neu-
trinos. This process can be described by the positive-operator
valued measure (POVM) projectors, projecting the neutrino
state on the direction of the neutrino flux propagation.
Let us first consider the case when neutrinos pass through
a dense cosmic object (we call this “the first propagation
scheme”). The initial neutrino state at t = 0, i.e., just be-
fore entering the object, is |φ〉. In the general case the ef-
ficient quantum measurement of neutrino spin polarization
transforms this state into the post measurement state
|Φ〉 = (Πˆ~s⊗ Iˆ(`))∣∣φ〉√〈
φ
∣∣(Πˆ~s⊗ Iˆ(`))∣∣φ〉 , (13)
where ~s is a unit vector of spin polarization of the neutrino
on the way out of the cosmic object and Iˆ(`) is the identity
operator acting on the flavor space. Taking into account that
the left-handed neutrinos are mostly filtered-out by the cosmic
object, the post measurement density matrix is given by
%ˆpost = |Φ
〉〈
Φ| = (Πˆ+
⊗
Iˆ(`))%ˆ(Iˆ(`)
⊗
Πˆ+)
Tr
(
(Πˆ+
⊗
Iˆ(`))%ˆ(Iˆ(`)
⊗
Πˆ+)
) ,(14)
where %ˆ = |φ〉〈φ| is the initial density matrix and the positive-
helicity projector operator is
Πˆ+ =
1
2
(
1 +
~p~σ
|~p|
)
. (15)
After measuring helicity we evolve the density matrix
through the trace-preserving Novikov’s map Fˆ [%ˆpost] that
mimics the effect of a stochastic magnetic field in Eq. (9). The
second measurement is then performed by detecting the active
flavor neutrino state |νL` 〉 in the lab. We describe this detec-
tion procedure through the projector operator ΠˆνL` = Πˆ−Πˆ`,
where the negative-helicity projector operator reads
Πˆ− =
1
2
(
1− ~p~σ|~p|
)
, (16)
and the flavor projector operator is Πˆ` = |`〉〈`|, ` = e, µ.
Thus, the probability of detecting the active flavor neutrino
state |νL` 〉 is given by
Q(`)L = Tr{ΠˆνL` Fˆ [%ˆpost]}. (17)
We now consider the second propagation scheme, meaning
that the neutrinos do not meet the cosmic object on its way
from the source to the detector. In this case, the neutrino fla-
vor state is measured without preliminary measurement of the
neutrino helicity. The probability of detecting the active flavor
neutrino state |νL` 〉 is given by
P(`)L = Tr{ΠˆνL` Fˆ [%ˆ]}. (18)
The difference between the two neutrino propagation
schemes is due to the invasive effect of the neutrino helicity
measurement “performed” by the cosmic object. For quanti-
fying the invasiveness of the neutrino measurement in the lab
we use the quantum witness
W(`)L =
∣∣P(`)L −Q(`)L ∣∣. (19)
Note that quantum witness ranges from 0 to 1, so that the value
of 0 corresponds to no invasive effect and that of 1 to a maxi-
mal invasive effect of the first measurement performed by the
cosmic object. Accordingly, the confidence in the interpreta-
tion of the result of the second measurement is either mini-
mal or maximal depending on whether quantum witness (19)
equals 0 or 1.
IV. QUANTUMWITNESS AND THE DENSITY MATRIX
In the mass basis, the entire 4 × 4 density matrix can be
presented in the conventional form
%ˆ =
(
%(1) %(2)
%(3) %(4)
)
, (20)
where %(α=1,2,3,4) are the matrices of dimension 2 × 2. The
elements of the four quadrants can be enumerated with sepa-
rate sets of indices 1 and 2, corresponding to the spin-up and
spin-down states, respectively. The quadrants we expand over
the basis of Pauli matrices:
%(α) = r
(α)
0 I + ~σ~r
(α). (21)
The elements of matrices %(α) are linked to the respective co-
efficients r(α)i=0,1,2,3 through the following relations:
%
(α)
11 = r
(α)
0 + r
(α)
3 , (22)
%
(α)
22 = r
(α)
0 − r(α)3 , (23)
%
(α)
12 = r
(α)
1 − ir(α)2 , (24)
%
(α)
21 = r
(α)
1 + ir
(α)
2 . (25)
In these variables, the entire Lindblad equation for the density
matrix splits into a set of four independents linear systems.
Each quadrant contains four elements and admits the exact an-
alytical solution r(α)i (t). We evolve the density matrix through
the trace-preserving dissipative channel, conserving the entire
density matrix’s trace. Therefore the sum of traces of the di-
agonal quadrants %(1) and %(4) is the integral of motion.
5The measurement is the essence of the action of flavor and
spin projection matrices on the density matrix. In terms of
Eq. (20), the effect of the application of the spin projection
operator is expressed as the action of the operator Πˆ± on both
sides of the 2×2 matrix minors %(α), where α is either 1 or 4:
Πˆ~s%
(α)(0)Πˆ~s =
1
4
(1 + ~σ~s)
[
r
(α)
0 (0)I + ~σ~r
(α)(0)
]
× (1 + ~σ~s)
=
1 + ~σ~s
2
[
r
(α)
0 (0) + ~r
(α)(0)~s
]
. (26)
The respective traces read:
N+ = Tr(Πˆ+%
(1)(0)Πˆ+) + Tr(Πˆ+%
(4)(0)Πˆ+)
= r
(1)
0 (0) + r
(1)
3 (0) + r
(4)
0 (0) + r
(4)
3 (0)
=
1
2
+ (r
(1)
3 (0) + r
(4)
3 (0)) (27)
and
N− = Tr(Πˆ−%(0)Πˆ−) + Tr(Πˆ−%(4)(0)Πˆ−)
= r
(1)
0 (0)− r(1)3 (0) + r(4)0 (0)− r(4)3 (0)
=
1
2
− (r(1)3 (0) + r(4)3 (0)). (28)
Note that in terms of components of the full 4 × 4 matrix, %ˆ,
N+ = %ˆ11(0) + %ˆ33(0), N− = %ˆ22(0) + %ˆ44(0).
The post measurement density matrix quadrants are equal
to
%
(α)
post(0) =
1
2
(r
(α)
0 (0) + r
(α)
3 (0))(1 + σz)
N+
=
r
(α)
0 (0) + r
(α)
3 (0)
1 + 2(r
(1)
3 (0) + r
(4)
3 (0))
(1 + σz). (29)
The post-measurement density matrices %(α)post obey the equa-
tion of motion but for different initial conditions as compared
to the case when the neutrino density matrix is not filtered out
through the first helicity measurement. The coefficient r(α)0 of
the expansion in Eq. (21) is, in the essence, the trace of a 2×2
matrix %(α) and is conserved in time.
Let us derive the projection operators for the electron neu-
trino in the explicit form:
ΠˆνR,Le =|νR,Le 〉〈νR,Le |
=
(
cos θ|ν±1 〉+ sin θ|ν±2 〉
)
× (〈ν±1 | cos θ + 〈ν±2 | sin θ) . (30)
Following the same recipe, one can derive the POVM pro-
jectors for the muon neutrino. Therefore we deduce for the
flavour projectors in the mass basis:
Πˆe =
(
c2ν cνsν
cνsν s
2
ν
)
(31)
and
Πˆµ =
(
s2ν −cνsν
−cνsν c2ν
)
, (32)
where we introduced the notations cν = cos θ, sν = sin θ.
In what follows, we exploit the flavour projection operators in
the form:
Πˆe =
1
2
(1 + σ1 sin 2θ + σ3 cos 2θ) , (33)
Πˆµ =
1
2
(1− σ1 sin 2θ − σ3 cos 2θ) . (34)
We insert these operators into the expression for the result
in the second measurement scheme (18):
P(`)L = Tr{ΠˆνL` Fˆ [%ˆ]} = Tr{ΠˆνL` %ˆ(t)ΠˆνL` }
= Tr{Πˆ−Πˆ`%ˆ(t)Πˆ`Πˆ−}. (35)
Employing the density matrix in the form Eq. (20) and apply-
ing the spin and flavor projection operators given by Eqs. (16),
(31) and (32), respectively, we obtain:
P(e)L (t) =c2ν
[
r
(1)
0 (t)− r(1)3 (t)
]
+ s2ν
[
r
(4)
0 (t)− r(4)3 (t)
]
+ cνsν
[
r
(2)
0 (t) + r
(3)
0 (t)− r(2)3 (t)− r(3)3 (t)
]
=r
(e)
0 (t)− r(e)3 (t), (36)
where
r
(e)
i (t) = c
2
νr
(1)
i (t) + s
2
νr
(4)
i (t) + cνsν
[
r
(2)
i (t) + r
(3)
i (t)
]
,
(37)
for i = 0, 1, 2, 3. For the case of measuring active muon neu-
trinos we get
P(µ)L (t) = r(µ)0 (t)− r(µ)3 (t), (38)
where
r
(µ)
i (t) = s
2
νr
(1)
i (t) + c
2
νr
(4)
i (t)− cνsν
[
r
(2)
i (t) + r
(3)
i (t)
]
.
(39)
The result in the case of the first measurement scheme (17)
has the form:
Q(`)L = Tr{ΠˆνL` Fˆ [%ˆpost]} = Tr{Πˆ−Πˆ`%ˆpost(t)Πˆ`Πˆ−}.
(40)
The final expressions are formally identical to Eqs. (36)
and (38). However, the functions related to the quadrants of
the density matrix, ρ(α)i (t), must be replaced by the functions
corresponding to the post-measurement matrix %ˆpost(t).
Since at t = 0 only the right-handed electron neutrino
component is different from zero, the functions r(1)post,0(t),
6r
(1)
post,3(t) obey the same equation of motion, but with different
initial conditions:
r
(1)
post,0(0) = r
(1)
post,3(0) =
r
(1)
0 (0) + r
(1)
3 (0)
1 + 2(r
(1)
3 (0) + r
(4)
3 (0))
. (41)
The same holds for r(4)post,0(0) and r
(4)
post,3(0). Note that the
sum in the parenthesis in the denominator can be presented as
r
(1)
3 (0) + r
(4)
3 (0) = r
(e)
3 (0) + r
(µ)
3 (0). (42)
Hence
r
(e)
post,0(0) =c
2
νr
(1)
post,0(0) + s
2
νr
(4)
post,0(0)
+ sνcν
[
r
(2)
post,0(0) + r
(3)
post,0(0)
]
, (43)
where
r
(2)
post,0(0) + r
(3)
post,0(0) =
r
(2)
0 (0) + r
(3)
0 (0)
1 + 2(r
(e)
3 (0) + r
(µ)
3 (0))
. (44)
Using the derived results for P(e)L and Q(e)L in the expres-
sion for the quantum witness (19), we get:
W(e)L =
∣∣∣r(e)0 (t)− r(e)3 (t)− r(e)post,0(t) + r(e)post,3(t)∣∣∣ . (45)
The time evolution of the density matrix %ˆ and factors r(α)i
follow the solution of the equation of neutrino motion and
Novikov’s map in Eq. (9). The details of solving analytically
the Lindblad equation and, in particular, deriving the minors
of the density matrix %ˆ in the eigenbasis of the Hamiltonian (2)
are presented in Appendices B and C.
V. ILLUSTRATION OF THE INVASIVE EFFECT
In the present work, we study the effect of two sequen-
tial measurements done on neutrinos traversing the interstel-
lar space. Due to the cosmic magnetic fields, propagation of
a massive neutrino is accompanied by spin-flavor oscillations,
while the stochastic component of these fields has a random
influence on neutrino spin polarization and leads to the deco-
herence effect.
We aim at examining the invasive effect of the first, blind
measurement, namely the effective neutrino spin filtering by
the cosmic object, on the result of the second measurement of
an active neutrino performed in the lab on the earth. For this
purpose we consider two measurement schemes: we filter out
left-handed neutrinos with the cosmic object and then measure
its active flavor state at the lab, or measure the active flavor
state directly, without spin filtering. Note that the measure-
ment that performs the cosmic object is blind because its result
is not recorded. For classical systems, the first blind measure-
ment is always noninvasive. The difference between results
recorded in the lab in the cases of the first and second neu-
trino propagation schemes is entirely a quantum phenomenon
and we quantify it through the quantum witness (19).
Below we illustrate the invasive effect of the first, blind
measurement, assuming µ11 = µ22 = µ12 = µν and that
the energy of the neutrino magnetic moment interaction with
an interstellar magnetic field is µνB = 10−32 eV. This en-
ergy corresponds to the putative magnetic moment, µν ≈
4×10−20µB , that agrees with the value predicted for the Dirac
neutrino by the minimally extended standard model [46],
µν ≈ 3.2× 10−19
( mν
1 eV
)
µB ,
taking into account current upper bounds on the neutrino mass
mν (see, for instance, Refs. [47, 48]). When describing the
influence of the stochastic magnetic field ~h in the Lindblad
master equation (9), without loss of generality, we exploit the
parametrization (12) of the dissipator term with a unit vector
length v = 1 and a zero angle α = 0. Further, from Eq. (12)
it follows that if α = 0 the matrix Vˆ given by Eq. (10) is
real, and only v1,3 components enter in the dissipator term,
which now depends on the parameter w2 and the angle β. The
Lindblad equation parameter w2 characterizes the strength of
the dissipation and is usually equal to some fraction of the
energy of the interaction with the magnetic field ~B. Here
we use a reasonable value w2 = 0.1µνB. For the angle β
we use a value of pi/4, implying that both neutrino longitudi-
nal and transverse spin components are thermalized due to the
stochastic magnetic field on equal footing.
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FIG. 1. The quantum witness for detecting left-handed electron neu-
trinos at the lab depending on the distance from the cosmic object to
the earth. In the initial state, there are only electron neutrinos with
equal fractions of left- and right-handed particles: r(e)0 (0) = 1/2,
r
(e)
3 (0) = 0.
Figure 1 shows the quantum witness (45) as a function of
the distance between the cosmic object and the earth when the
neutrino flux at t = 0 (i.e., at the moment of time correspond-
ing to the neutrino passing through the cosmic object in the
first propagation scheme) consists only of electron neutrinos.
It is assumed in Fig. 1 that the neutrinos have already trav-
eled a large distance in the interstellar space before meeting
the cosmic object, so that their spins have been fully thermal-
ized. For this reason, we set r(e)3 (0) = 0, meaning that the
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FIG. 2. The same as in fig. 1, but when in the initial state the density
matrix in the flavor basis is given by %ˆ = diag(1/4, 1/4, 1/4, 1/4).
numbers of right- and left-handed neutrinos entering the cos-
mic spin filter are equal. The shown quantum witness function
decays, exhibiting oscillations, and tends to zero at large dis-
tances. The latter means that the invasive effect of the cosmic
object on the result of the measurement performed in the lab
vanishes. Such a decaying behavior of the quantum witness is
not general. In Fig. 2 we show the quantum witness (45) when
the density matrix describing the neutrino flux before entering
the cosmic spin filter is fully thermalized in the flavor basis. It
can be seen that the quantum witness function has now a more
complex behavior, which is different from “quantum beats”
observed in Fig. 1. First, it decays only at small distances.
Second, it also exhibits oscillations, but the oscillation pattern
shows a superposition of two functions that oscillate with the
same or almost the same frequency but in antiphase: the one
function is decaying and the other is growing. The observed
picture is explained by the behaviors of the probabilities Q(e)L
and P(e)L of measuring the active electron neutrino at the lab
in the first and second propagation schemes, respectively.
VI. SUMMARY
In this work we have developed a new approach for inter-
pretation and analysis of the data of experiments with cos-
mic neutrinos. Our approach employs the concepts of inva-
siveness and quantum witness that are used in the theory of
quantum measurements. We have considered two subsequent
measurements of neutrinos from a distant source traversing
the interstellar space and interacting with stochastic interstel-
lar magnetic fields. The first measurement is performed by
a dense cosmic object, which effectively absorbs active, left-
handed-neutrinos, thus letting only right-handed neutrinos to
propagate further to the earth. The second measurement is
performed in the lab at the earth and is a typical measurement
of active flavor neutrinos. The first measurement is blind and
has an invasive effect on the result of the second measure-
ment, undermining the credibility of our physical interpreta-
tion of the results obtained in the lab. In order to quantify
this credibility, we defined the quantum witness for the neu-
trino measurement in the lab and obtained analytical expres-
sions for the quantum witness in terms of the elements of the
neutrino density matrix. Using an anlytical solution of the
Lindblad master equation for the neutrino density matrix, we
demonstrated the invasive effect of the cosmic filter on the
neutrino measurement in the lab. We showed that the quan-
tum witness can exhibit qualitatively different behaviors for
different properties of the neutrino flux that meets the cosmic
object. In particular, the decay of the quantum witness as a
function of the distance from the cosmic object that one may
naively expect due to the neutrino spin thermalization effects
is not observed when the density matrix of the neutrino flux
meeting the cosmic object has in the flavor basis a diagonal
form with all four neutrino states equally populated. Our ap-
proach can be used for quantifying theoretical uncertainties
associated with the lack of information about the conditions
of cosmic neutrinos propagation when interpreting and ana-
lyzing the results of experiments with neutrinos from distant
astrophysical sources.
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Appendix A: The Lindblad master equation
In what follows, we use the eigenbasis (ν˜1, ν˜2, ν˜3, ν˜4)T of
the Hamiltonian (2) (see Ref. [43]). In this representation the
Lindblad master equation (9) takes the form
dρnm
dt
=− i(En − Em)%mn − w
2
2
∑
q
(
ρnqV
2
qm + V
2
nq%qm
)
+ w2
∑
q,s
Vnq%qsVsm, (A1)
where E1,2,3,4 are the eigenvalues of the Hamiltonian (2).
We present the density matrix as
%ˆ =
(
%(1) %(2)
%(3) %(4)
)
, (A2)
where %(α) are the 2× 2 minors.
Then in Eq. (A1) one has the expressions of the form
2∑
q=1
(v(ν`)2nq %
(α)
qm +R
(α)
nq v
(ν`)2
qm ), (A3)
and
2∑
q,s=1
v(ν`)nq R
(α)
qs v
(ν`)
sm (A4)
8for the first and second sums, respectively. All %(α) along with
v(ν`) are expanded in the basis of the three Pauli matrices and
2× 2 unit matrix:
R(α) = r
(α)
0 I + ~r
(α) · ~σ, (A5)
and
v(ν`) = v0I + ~v · ~σ. (A6)
with
r
(α)
0 =
1
2
(%
(α)
11 + %
(α)
22 ), (A7)
r
(α)
1 =
1
2
(%
(α)
12 + %
(α)
21 ), (A8)
r
(α)
2 =
i
2
(%
(α)
12 − %(α)21 ), (A9)
r
(α)
3 =
1
2
(%
(α)
11 − %(α)22 ). (A10)
Analogous relations are used between the elements of the ma-
trix v and coefficients of its expansion.
We now expand Eqs. (A3) and (A4) and exploit Eqs. (A6)
and (A5):
2∑
q=1
(
v(ν`)2nq %
(α)
qm + %
(α)
nq v
(ν`)2
qm
)
=2
[(
v20 + v
2
)
r
(α)
0 + 2v0~v · ~r(α)
]
Inm
+ 4v0r
(α)
0 ~v · ~σnm + 2
(
v20 + v
2
)
~r(α) · ~σnm, (A11)
2∑
q,s=1
v(ν`)nq %
(α)
qs v
(ν`)
sm
=
[(
v20 + v
2
)
r
(α)
0 + 2v0~v · ~r(α)
]
Inm
+ 2
[
v0r
(α)
0 + ~v · ~r(α)
]
~v · ~σnm
+
(
v20 − v2
)
~r(α) · ~σnm. (A12)
Summing up Eqs. (A11) and (A12) with the same weights
as in Eq. (A1), one gets the following dissipative contribution:
L(α) =− w
2
2
2∑
q=1
(
v(ν`)2nq %
(α)
qm + %
(α)
nq v
(ν`)2
qm
)
+ w2
2∑
q,s=1
v(ν`)nq %
(α)
qs v
(ν`)
sm
=2w2
[
(~v · ~r(α))~v · ~σnm − v2~r(α) · ~σnm
]
. (A13)
Eq. (A13) is also decomposed in the basis of 2× 2 matrices:
L(α) = Λ
(α)
0 I +
~Λ(α) · ~σ, (A14)
where
Λ
(α)
0 = 0, (A15)
Λ
(α)
i = 2w
2
[
(~v · ~r(α))vi − v2r(α)i
]
. (A16)
Let us derive the equations for the elements of the minor
%(1). Using Eqs. (A5), (A7), (A11), (A12), (A13), and (A1),
one gets
d
dt
%11 =
d
dt
(r
(1)
0 + r
(1)
3 ) = Λ
(1)
3 , (A17)
d
dt
%22 =
d
dt
(r
(1)
0 − r(1)3 ) = −Λ(1)3 , (A18)
d
dt
%12 =
d
dt
r
(1)
− = −iω12r(1)− + Λ(1)− , (A19)
d
dt
%21 =
d
dt
r
(1)
+ = −iω21r(1)+ + Λ(1)+ , (A20)
where r± = r1 ± ir2, Λ(1)± = Λ(1)1 ± iΛ(1)2 , and ω12 =
E1 − E2 = −ω21. Note that the sum of the diagonal ma-
trix elements %11 + %22 = r
(1)
0 is constant in time. The set of
equations for %4 is obtained from Eqs. (A17)-(A20) by chang-
ing r(1) to r(4) and ω12 to ω34. The sum %33 + %44 = r
(4)
0
is also conserved as well as the complete trace of the density
matrix.
The set of equations for the minor %(2) reads
d
dt
%13 =
d
dt
(r
(2)
0 + r
(2)
3 )
=− iω13(r(2)0 + r(2)3 ) + Λ(2)3 , (A21)
d
dt
%24 =
d
dt
(r
(2)
0 − r(2)3 )
=− iω24(r(2)0 − r(2)3 )− Λ(2)3 , (A22)
d
dt
%14 =
d
dt
r
(2)
− = −iω14r(2)− + Λ(2)− (A23)
d
dt
%23 =
d
dt
r
(2)
+ = −iω23r(2)+ + Λ(2)+ . (A24)
The equations for %(3) are obtained from Eqs. (A21)-(A24)
upon Hermitian conjugation.
Appendix B: The solution for %(1)
Below we consider the system of equations for the minor
%(1), omitting upper indexes in r(α) and designating ω =
ω12 = −ω21. After redefinition of the time variable
τ = 2w2t, (B1)
the equations acquire the following form:
d
dτ
r0 =0, (B2)
d
dτ
r+ =[
v+v−
2
− v23 − iω¯]r+ +
v2+
2
r−
+ v+v3r3, (B3)
d
dτ
r− =
v2−
2
r+ + [−v+v−
2
− v23 + iω¯]r−
+ v−v3r3, (B4)
d
dτ
r3 =v−v3
r+
2
+ v+v3
r−
2
− v+v−r3, (B5)
9where ω¯ = ω/2w2 .
In the case of v2 = 1 and vy = 0, one has ~v =
(sinβ, 0, cosβ) and it is convenient to rewrite the system of
equations in terms of r1,2 instead of r±:
d
dτ
r0 = 0, (B6)
d
dτ
r1 = −r1 cos2 β + r2ω¯ + r3 sinβ cosβ, (B7)
d
dτ
r2 = −r1ω¯ − r2 cos2 β, (B8)
d
dτ
r3 = r1 sinβ cosβ − r3 sin2 β. (B9)
To solve the above system, one must diagonalize the 3 × 3
matrix:
M(1) =
 − cos2 β ω¯ sinβ cosβ−ω¯ − cos2 β 0
sinβ cosβ 0 − sin2 β
 . (B10)
The general solution of the system is a sum of exponents:
ri(τ) =
3∑
k=1
Cike
iνkτ , (B11)
where νi are the eigenvalues of the above matrix and the inte-
gration constants are given by the following expressions:
Ci1 =
B0iν2ν3 −B1i(ν2 + ν3) +B2i
(ν1 − ν2)(ν1 − ν3) , (B12)
Ci2 =
B0iν1ν3 −B1i(ν1 + ν3) +B2i
(ν2 − ν1)(ν2 − ν3) , (B13)
Ci3 =
B0iν1ν2 −B1i(ν1 + ν2) +B2i
(ν3 − ν1)(ν3 − ν2) , (B14)
where
B0i = ri(0), (B15)
B1i =
3∑
k=1
M(1)ik rk(0), (B16)
B2i =
3∑
k,l=1
M(1)ik M(1)kl rl(0). (B17)
The equations for %(4) are similar to Eqs. (B2)-(B5), except
that one must replace ω = ω12 with ω = ω34 = E3 − E4.
Note that there is a condition of the trace conservation:
Tr% =
∑
i
%ii = r
(1)
0 + r
(4)
0 = 1. (B18)
Another limitation is that the density matrix should be Her-
mitian, %12 = %
†
21, %34 = %
†
43, which is already satisfied by
(B12)-(B15).
Appendix C: The solution for %(2)
The system of equations for the minor %(2) is given by
d
dτ
r0 =− i
2
(ω¯13 + ω¯24)r0 − i
2
(ω¯13 − ω¯24)r3, (C1)
d
dτ
r+ =
[
−v+v−
2
− v23 − iω¯23
]
r+
v2+
2
r−+
+ v+v3r3, (C2)
d
dτ
r− =
v2−
2
r+ +
[
−v+v−
2
− v23 − iω¯14
]
r−
+ v−v3r3, (C3)
d
dτ
r3 =− i
2
(ω¯13 − ω¯24)r0 + v−v3
2
r+
+
v+v3
2
r− +
[
− i
2
(ω¯13 + ω¯24)− v+v−
]
r3.
(C4)
Using the ansatz ~v = (sinβ, 0, cosβ) and changing to r1
and r2, one gets the system for %(2) as
d
dτ
r0 =− iω¯+r0 − iω¯−r3, (C5)
d
dτ
r1 =(− cos2 β − iω¯+)r1 + ω¯0r2
+ r3 sinβ cosβ, (C6)
d
dτ
r2 =− ω¯0r1 + (− cos2 β − iω¯+)r2, (C7)
d
dτ
r3 =− iω¯−r0 + r1 sinβ cosβ
− (iω+ + sin2 β)r3. (C8)
The frequencies in the above formulas are
ω¯0 =
ω¯12 + ω¯34
2
, (C9)
ω¯± =
ω¯13 ± ω¯24
2
. (C10)
Solving the system requires diagonalization of the 4 × 4
matrix:
M(2)4 =

−iω¯+ 0 0 −iω¯−
0 − cos2 β − iω¯+ ω¯0 sinβ cosβ
0 −ω¯0 − cos2 β − iω¯+ 0
−iω¯− sinβ cosβ 0 − sin2 β − iω+
 . (C11)
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The final solution is given in form of a linear combination of exponential functions:
r
(2)
i (τ) =
4∑
k=1
Cike
νkτ , (C12)
with the integration constants
Ci1 =
−B0iν2ν3ν4 +B1i(ν2ν3 + ν2ν4 + ν3ν4)−B2i(ν2 + ν3 + ν4) +B3i
(ν1 − ν2)(ν1 − ν3)(ν1 − ν4) , (C13)
Ci2 =
B0iν1ν3ν4 −B1i(ν1ν3 + ν1ν4 + ν3ν4) +B2i(ν1 + ν3 + ν4) +B3i
(ν2 − ν1)(ν2 − ν3)(ν2 − ν4) , (C14)
Ci3 =
−B0iν1ν2ν4 +B1i(ν1ν2 + ν1ν4 + ν2ν4)−B2i(ν1 + ν2 + ν4) +B3i
(ν3 − ν1)(ν3 − ν2)(ν3 − ν4) , (C15)
Ci4 =
B0iν1ν2ν3 −B1i(ν1ν2 + ν1ν3 + ν2ν3) +B2i(ν1 + ν2 + ν3) +B3i
(ν4 − ν1)(ν4 − ν2)(ν4 − ν1) , (C16)
where
B0i = ri(0), (C17)
B1i =
3∑
k=1
M(2)ik rk(0), (C18)
B2i =
3∑
k,l=1
M(2)ik M(2)kl rl(0), (C19)
B3i =
3∑
k,l,m=1
M(2)ik M(2)kl M(2)lmrm(0). (C20)
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